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In the special case when d is a prime rl(4) it is possible to give a rapid 
proof of the theorem that 
x2 - dy2 = 1 
has a nontrivial solution in positive integers, and at the same to give a decent 
bound for the size of this solution. 
Let d = p, a prime ~5 (mod 8). Let l3 = e 2ni/p, and consider the expression 
E = fl (1 + 0% 
r 
where r runs over the integers r with 0 < r < p, (r/p) = + 1, and (x/p) is 
Legendre’s symbol. 
First observe that E is an algebraic integer. 
Since, taking the norm in Q(e2”“/p) 
N(l + 0) = 
N(1 - es) = n:z;l (1 - e2q 
~(1 - e) nfz; (1 - es) = ’ 
(for the residues of 2s (1 < s < p) (modp) are the same as those of s 
(1 < s < p)), it follows that N(E) = 1. 
Next we shall show that 
E = t + u $I2 
2 ’ 
where t E u (mod 2). 
The expression 
(l+u,)~~~(l+a3=~+P,+P,+~~~+Ps, 
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where the p’s are the elementary symmetric functions of the a’s Now 
p1 = c fP E Q(p’i”) 
7 
(this follows from (1 + 2p,)* = p, and the fact that pI is real). 
Next 
From Newton’s formula, expressing the elementary symmetric functions 
in terms of the sums of powers (of a finite set of numbers) we see that 
E E Q(p”“). 
Since E is an algebraic integer it follows that 
E = t + u p1j2 
2 ’ 
t = u (mod 2). 
Since this is the general form of integers in Q(p”“), p = l(4). So 
N(E) = N ( t + 2” P1jZ ) L ( t” -yu* y-l)‘* = -&l. 
Hence 
12 - pu2 
4 
= &l. 
We have yet to show that 
E = t + u p1i2 
2 # 3x1. 
Since n7 (1 + P) is real and positive, E # - 1. (We use here the fact that 
(r/p) = 1 implies (--r/p) = 1.) Suppose E = 1. To prove this impossible 
we use the argument of Mordell and Chowla in Proc. Amer. Math. Sot. (1963). 
rf 
then 
fl(1 + XT) - 1 SC 0 
( 
mod 
xp - 1 
> c x-l . 
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Set x = 1. This gives 
p-l)/2 e 1 (mod P) 
which is false for (2/p) = - 1 (here we use p = 5(8)). Finally 
Itl =I 2 
t + u pl12 + t - up112 
2 
( t + up1J2 t - up1l2 
\ 2 II 2 I 
= I E I + I E-l I 
< 2(P--1)/Z + 2-d-1)/2 
< 2(P--1)/2 + 1. 
